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Abstract 

We study the structure of mass terms in the effective theory for quasi-particles 
in QCD at high baryon density. To next-to- leading order in the 1/pf expan- 
sion we find two types of mass terms, chirality conserving two-fermion op- 
erators and chirality violating four-fermion operators. In the effective chiral 
theory for Goldstone modes in the color-flavor-locked (CFL) phase the for- 
mer terms correspond to effective chemical potentials, while the latter lead to 
Lorentz invariant mass terms. We compute the masses of Goldstone bosons 
in the CFL phase, confirming earlier results by Son and Stephanov as well as 
Bedaque and Schafer. We show that to leading order in the coupling constant 
g there is no anti-particle gap contribution to the mass of Goldstone modes, 
and that our results are independent of the choice of gauge. 
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I. INTRODUCTION 



Quark matter at high baryon density exhibits a rich phase structure [l]-|6|], reminiscent 
of the many phases encountered in ordinary condensed matter systems. A particularly 
symmetric phase is the color-flavor-locked (CFL) phase of three flavor quark matter [0. 
This phase is believed to be the true ground state of ordinary matter at very large density 
PHTD1 . There are also speculations that CFL matter may exist in the core of neutron stars. 
At less-than-asymptotic densities relevant to astrophysical objects distortions of the pure 
CFL state due to non-zero quark masses are likely to be important [|TT]^T7|] . In the present 
work we wish to study this problem through the use of two effective field theories. 

The first of these, CFL chiral theory |18 , is the chiral effective theory that governs the 
behavior of collective states with excitation energies smaller than the gap. Understanding 
the structure of mass terms in this theory allows us to determine the true ground state 



15l , |T7|l and the spectrum of pseudo-Goldstone bosons []19-25| at finite quark mass. The 



second effective theory, high density effective theory |26|j2^] , governs the interaction of quasi- 
particles and holes with excitation energies less than the Fermi energy in QCD at high baryon 
density. This theory simplifies perturbative QCD calculations in the limit where the Fermi 
momentum is very large, pp — > oo. Understanding the structure of mass corrections in this 
theory allows us to perform efficient calculations of mass terms in the CFL chiral theory. 
These calculations are based on the idea of matching. Matching expresses the requirement 
that Greens functions in the effective theories below and above the scale set by gap agree. 
In the present work, we will focus on a particularly simple quantity, the mass dependence 
of the vacuum energy. 

This paper is organized as follows. In section |TJ we introduce the effective theory for 



quasi-particles and holes in high density QCD and in section |T| we study the mass terms in 
this theory. In sections |Iy| and [V] we study the possible role of anti-particle gap parameters. 
In section |V| we discuss the matching calculation that determines the masses of Goldstone 
bosons in the CFL chiral theory. 
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II. HIGH DENSITY EFFECTIVE THEORY (HDET) 



The QCD Lagrangian in the presence of a chemical potential is given by 



C = $W + /i 7 o) V - $lMiJ>r - $rM^ l - ^G%G%, (1) 



where M is a complex quark mass matrix which transforms as M — > LMW under chiral 
transformations (L,R) e SU(3)l x SU(3)r and /x is the baryon chemical potential. In the 
vicinity of the Fermi surface the relevant degrees of freedom are particle and hole excitations 
which move with the Fermi velocity vp. We shall describe these excitations in terms of the 
field i[)+(vf,x). At tree level, the quark field ip can be decomposed as ip = ip + + ip- where 
if)± = |(1 ± a • vf)?P- Integrating out the ip- field at leading order in 1/pf we get [p6[ - |28|j24 



£ = 4,[ + {iv ■ D)i> L+ - | (i>t+Ci>L+ (Sai5 bj - S aj 5 u ) + h.c.) 

((I?±) 2 + MMt) + (R ^ L, M <-> Mt) + . . . , (2) 



2p F 

where = d^+igA^, = (1, v) and z, j, . . . and a,b, . . . denote flavor and color indices. The 
longitudinal and transverse components of a vector are defined by (Bo, B)\\ = (Bq, v(B-v)) 
and (Bfj_)± = B^ — (B^)^ In order to perform perturbative calculations in the supercon- 
ducting phase we have added a tree level gap term ^l,rCA^l,r- For consistency we have to 
subtract this term from the interacting part of the Lagrangian, C int = —ipL,RCAij) L R . The 
magnitude of A is determined order by order in perturbation theory from the requirement 
that the free energy is stationary with respect to A. 



III. MASS CONTRIBUTION TO THE VACUUM ENERGY 

We would like to compute the shift in vacuum energy due to non-zero quark masses and 
match the result against the shift computed in the effective theory for the Goldstone bosons. 
For this purpose we need to determine mass corrections to the high density effective theory. 
At 0(1/pf) there is only one operator, 
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C = ~ U{ + MM^ L+ + 4 + MtM^+) . (3) 

This term arises from expanding the kinetic energy of a massive fermion around p = pp. At 
0(1 /pf) there is no mass correction to the quark-gluon vertex. Indeed, integrating out the 
ip- field we get 

C = 2^V>+,z, [loMa -A ± + a- A ±1o m] ij +iR = 0. (4) 

There is also no mass correction to the emission of an electric gluon. This is the case 
because ip^_(v')gAoip + (v) vanishes in the forward direction, v' = v. There is, however, a 
mass dependent four-fermion contact term induced by electric gluon exchange. One way to 
see this is to consider off-forward amplitudes with v 1 ^ v , integrate out hard gluon exchanges, 
and take the forward limit v' — > v in the end. In the case if ^ v we find, after integrating 
out ip_ at tree level, a mass correction to the electric gluon vertex 

£ = ~— ^ + (^)7o^ofe, + («) + (L ~ R,M <-> Aft). (5) 
Pf v ' 

This term still vanishes in the limit v' —>■ v, but it gives a non-vanishing contribution to 
quark-quark scattering in the forward direction. This is the case because the vanishing 
amplitude in the forward direction cancels against the collinear singularity in the gluon 
propagator. 

We can construct the four-fermion operator by integrating out hard gluons with momenta 
p ~ pf- Because the vertex ([5]) vanishes in the forward direction the contribution from soft 
gluons with p ~ gp F is suppressed. We find 

,2 



(^(^joMX^+^v)) (<L(^)7oMA°V +) fl(tf)) (6) 
+ (^,r(^)7oMA> +)i i(tT))(^U(^7oMtA> +)i (^)) + (l ^ R,M ~ M*] 
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2p|(l -v'-v) 

We can make the v* — > v limit more explicit by Fierz-rearranging the four-fermion terms in 
(§). For the first term we use 



(7) 



V ■ V ) 



Here we have dropped the subscript "+" and suppressed the color and flavor structure of 
the fields. A similar identity can be derived for the second term in We observe that the 
factor 1 — v ■ v* cancels and that in the limit if — > v we are left with a local four-fermion 
interaction. Collecting @ and @ we get the following result for the mass terms in the high 
density effective theory to 0(l/p%) 



C 



2p 

+ j£r ((^c^mc^)v ABCD + (v^Vf X^VS )v ACBD ) 

+ (L R, M M f ) + . . . . 



(8) 



Here, we have rewritten the four-fermion terms using the CFL eigenstates ip defined by ipf = 
ip A (\ A )ail '"s/2, A = 0, . . . , 8 where the Gell-Mann matrices A* are normalized as Tr[A*A J ] = 
25 l i and A = ^2/3. This is simply a choice of basis, it does not imply that (|8|) is only valid 
in the CFL phase. The tensors V and V are defined by 
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YAbcd 
YAbcd 



Tr 



Tr 



A A M(A D ) T A B M(A C ) T 
A A M(A D ) T A c Mt(A B ) T 



-I T r 
3 

-i Tr 
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\ A M{\ D ) T 
\ A M{\ D ) T 



Tr 
Tr 



X B M{\ C ) T 
X C M\X B ) T 



(9) 



We should note that equ. @ can also be derived directly, by computing the chirality violating 
quark-quark scattering amplitude T((g#)" + — > (^l)^ + (?i)f) as well as the mass 
correction to T((q R )1 + ((fa)* —* {lL)k + (Qr)i)- The corresponding tree level diagrams are 
shown in Fig. [I]. We find that to leading order in g the scattering amplitudes are independent 
of the scattering angle and that they can be represented by the contact terms in equ. 
We also observe that the effective lagrangian (pi) is consistent with the approximate gauge 



symmetry of Bedaque and Schafer [15]. This approximate gauge symmetry reflects the fact 
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that to leading order in 1/pp mass terms appear as effective chemical potentials MM^ /(2pp) 
and M^M/(2pp) for left and right handed fermions, respectively. 

We can now compute the shift in the vacuum energy due to the mass terms in equ. (^j). 
At 0(M 2 ) and to leading order in 1/pf there is a contribution of the form Tr[MM'] from 
the two-fermion operators in equ. (Q). This contribution is the same in the normal and 
superfluid phases, and it does not correspond to a Goldstone boson mass term. This is 
the case because Tr [MM'] cannot be matched against a term in the CFL chiral theory 
which contains the chiral field S. At 0(M 2 ), the only terms in the vacuum energy which 
correspond to Goldstone boson mass terms are Tr[M 2 ], (Tr[M]) 2 and Tr[M]Tr[Mt]. 

At next-to- leading order in 1/pp there is a mass correction to the vacuum energy due to 
the four-fermion operators in equ. (H). This contribution comes from the diagrams shown 
in Fig. The first diagram is proportional to the square of the superfluid density 

UtCtf) = *" I , *?<»L , = *»A^ f J* ) , (10) 

J (27r)> 2 - e 2 - A 2 A (p ) g \2n 2 J 

with A A = C A A and C A = (2,-1) for A = (0,1... 8). In deriving ([TOD we have used 
the approximate solution of the gap equation A(p ) = A(p = 0) sin(^^ log(/i/po))- The 
color-flavor factor is given by 

C A C B T AABB = -l[(Tr[M]) 2 -Tr[M 2 ]). (11) 

A,B=0 ^ I J 

The second diagram is proportional to Tr [MM*] and does not contribute to Goldstone boson 
masses. We note that there is no contribution of the form Tr[M]Tr[M']. Using eqns. flTU| ) 
and ( |TTD we find that the shift in the vacuum energy due to the first diagram in Fig. |2] is 
given by 

OA 2 r r, -i 

AS = -— |(Tr[M]) -Tr[M 2 ] J + (M^M + ), (12) 



which agrees with the result of Son and Stephanov [T9|]. The two-fermion operators in 
equ. (^|) contribute to the masses of Goldstone bosons at 0(M 4 ). The corresponding term 



in the vacuum energy was computed in [15 



AS = — ^Tr 



(MM^)(M^M) - (MM*) 2 ] , (13) 



&Pf 

where m 2 D = (21 — 8 log(2))p 2 7 /(367r 2 ) is (up to a factor of g 2 ) the Debye mass in the CFL 
phase. There are other contributions to the vacuum energy at 0(M 4 ), but these terms are 
suppressed by additional powers of 1/pf- 

IV. ANTI-PARTICLE GAP CONTRIBUTION 

Several authors have suggested that the calculation of the mass shift in the vacuum 
energy, and consequently the masses of Goldstone bosons, requires the knowledge of the 



"anti-gap", that is the gap parameter for the ip- excitation pl|-p5|. As we shall see below, 
the anti-particle gap contribution to the vacuum energy is AS ~ g~ l AAM 2 . We shall 
also see that the natural magnitude of the anti-particle gap is A ~ A. In this case, the 
anti-particle gap contribution to AS dominates over the results we obtained in the previous 
section. This in itself may not pose a problem, but we shall also see that a straightforward 
calculation of the anti-particle gap in the microscopic theory does not seem to produce a 
gauge invariant result ]30| . 

In order to study the problem in more detail we consider the QCD lagrangian in the 
presence of gap parameters for both the ip + and ip- excitations, 

£ = ^ +tL (iv • £>)V+,l - tf+, L (id± ■ D)ij)- L - V'l, L (^a ± • D)il)+, L + ^l, L (2p F + iv ■ D)^ L (14) 

+ A AB ^ L Cr-, L +{h.c)) 
- ^_ >L j MiP +;R - ^ (i7 oMV>-,ii + (L <-> R, M <-> M f ), 

where v = (1, —v). Here, we have included all spin gaps that can be constructed from ip±. 
In the CFL phase the particle gap has the structure A AB = A AB A with A AB = S AB C A 
and C A = (2, —1) for A = (0, 1 ... 8). We shall see that the anti-particle gap has the same 
structure. We will determine the color-flavor structure of the mixed particle-anti-particle 
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gap A below. In the case of massless quarks, M = 0, the mixed gap A vanishes in the 
weak coupling approximation ||l,|34,35|. Since we are interested in mass corrections to the 
vacuum energy density, A cannot be neglected. It is straightforward to integrate out ip- at 
tree level. We find 

1 



£ = tf +tL (iv ■ D)ip +i 
1 



2p, 



2pi 



(15) 



+ 1 [ A AB ^ A L C^ L - ■^-(M T A 1 - A 2 M) AB ^ R C^ R 



- -^(M T AM) AB ^ R C^ B fi + (h.c.fj + (L^R,M <-> 

where M AB = \Ti[\ A M(\ B ) T ] is the quark mass matrix 5 ab Mij in the CFL basis. We 
can now determine the contribution of A and A to the mass terms in the vacuum energy. 
Computing the diagrams in Fig. R] we find 



AS 



2V2g V 27r2 



(16) 



We can analyze the anti-particle gap contribution in more detail. Assuming that the anti- 
particle gap A has the same color-flavor structure as the particle gap A we find 



(M T AM) AB = ~ {Tr (M\ A M\ B ) - Tr (m\ a ) Tr (m\ b ) } . 
This allows us to write the anti-particle gap contribution to the vacuum energy as 



AS 



8V2g 



A A < (Tr[M] ) -Tr 



(17) 



(18) 



This result agrees, up to a factor of 1/2, with the result of Beane et al. [24]. The factor 1/2 
discrepancy is due to the fact that Beane et al. compute loop integrals under the assumption 
that the gap is not a function of energy or momentum. 



V. ANTI-PARTICLE GAP PARAMETERS 



After we have determined the contribution of the anti-particle gap parameters A and A 
to the mass terms in the vacuum energy we shall now try to compute the gap parameters 
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to leading order in perturbation theory. This calculation is performed in the microscopic 
theory, but we will use kinematic simplifications that are similar to the approximations that 
are built into the effective theory. In principle, computing the anti-particle gap parameters 
requires solving a coupled set of gap equations for A, A and A. However, both A and A 
are induced gaps. This means that even though A and A are not necessarily small, the 
correction to the particle gap A due to the fact that the anti-particle gaps are non-zero 
is suppressed by 1/pp. As a consequence, only the particle gap A has to be determined 
self-consistently. Both A and A can be calculated perturbatively. 

In the last section we saw that A contributes to S at 0(M 2 ) whereas A contributes at 
O(M). However, A itself is of order (M/pp)A. Therefore, both gap parameters effectively 
contribute to £ at the same in order in M. In order to collect all contributions to the vacuum 
energy at 0(M 2 ), we shall compute A to 0(M 2 ), A to O(M), and A to 0(1). In practice 
this is most easily achieved by considering the Dyson- Schwinger equation [|IJ 



Here, £(&) is the proper self energy in the Nambu-Gorkov formalism, r* is the quark- 
gluon vertex and D^ u (q — k) is the gluon propagator. To leading order in the perturbative 
expansion, we can use the free vertex 




(19) 



and expanding the quark propagator S in powers of M, 



S = S + S MS + S MS MS + ... 



(20) 



To first order in 1/pf 



the Nambu-Gorkov propagator So is given by 




(21) 



Here, A J = \{ 



So(q) 



1 ± a 




quark mass matrix 



(22) 



has the structure 
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M 



\ 
) 



(23) 



MP R + M^P L 

M T P R + M*P L 

where Pl,r are left and right handed projection operators. In order to determine the gap 
parameters we only need the S21 component of the Nambu-Gorkov propagator. To 0(M 2 ) 
we find 



#21(9) 



A 



(P R - P L )A~ 



(24) 



2p F D + (q) 
1 



70 [M t APrA~ - AMP L A~ 



Qo - e q 



, -M T AMP L Aq + g0 + 6 ; AMM^P R A- + , 
4p F D + (q) q 2p F D + (q) 2 q 2p F D + (q) 2 



M T M* AP L A~ 



+ (M «-> M\L <-> i?) + 



In order to solve the gap equation ( |i~9D we also have to specify the gluon propagator. In a 
general covariant gauge the gluon propagator is given by 



P 



T 



+ 



(25) 



q 2 — G q 2 — F g H 
where the self energies D and F are functions of go and |g|, £ is a gauge parameter, and the 



projectors P^ L are defined by 



P L =-a + Ml 



pT _ pT _ q 
- r 00 ~~ r 0i ~ u ' 



P, 



(26) 
(27) 



To leading order in the coupling constant g, and in the limit go < |<t| Pf the electric and 
magnetic self energies F, G are given by 



F = 2m 2 



G = — m — , 
2 



(28) 



where m 2 = N f g 2 [i 2 / (An 2 ) . We can now compute the gap parameters using the methods ex- 
plained in ||30|| . If we only take into account the first term in the anomalous quark propagator 
equ. (51) we get 
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a ab_ a ab3 2 f. f , I jjjf h + jx \ Mm) ,„„, 

~ A i / dl { i - ^ + + 1 - x + F/(2g) J ^ + ggjs • (29) 

Here, A AB = <5 AB C A with C A = (2, -1) for A = (0, 1 . . . 8) is a constant matrix with the 
color-flavor structure of the CFL condensate. A (go) is the absolute magnitude of the CFL 
gap on the quasi-particle mass shell. To leading order the equation ( p9|) can be solved by 
taking x ~ 1 in the numerator. This means that we approximate scattering amplitudes by 
their values in the forward direction. The particle gap on the Fermi surface A = A(po = 0) 
is given by p9|-[33|] 



A = 5127r 4 (2/3)- 5 /X^ 5 exp (~^) > ( 30 ) 

where b' Q is a constant which is determined by non-Fermi liquid effects that are not 
included in our calculation. In the same fashion we can also compute the gap for anti- 
particles. Again, we only need the first term in the anomalous quark propagator equ. (p4[). 
We find 

* AB = AAB &J <* I d * ( iJ% P l) + iJ+fJm) (31) 

e \ A(g ) 



l-x + ql/{2 P 2 F ) ) J q $ + A{q Q ) 2 ' 
We observe that the anti-particle gap has the same color-flavor structure as the particle gap. 
To leading order, we can again approximate x ~ 1 in the numerator. We note that in this 
limit there is no contribution from electric gluons. We also find that the gauge parameter £ 



does not disappear from (|31|). We obtain 

A AB = A AB (1 + 30 + 0(g A). (32) 

The next step is to include linear mass terms in the propagator (f24|). These terms mix left 
and right handed fermions and contribute to the mixed particle-anti-particle gaps Ai^. We 
find 

e \ A(g ) 



+ 



x + qi/(2p 2 F )J ^Jql + A(g ) 2 ' 
11 



as well as the analogous equation for A 2 with (AM) — > — (M T A). In equ. fl33|) we dropped 
contributions that are proportional to M< as they give terms in the vacuum energy that are 
proportional to Tr(MM'). We note that the magnetic contribution and the gauge parameter 
term have the same structure as the corresponding terms in the equation for the anti-particle 
gap. The only difference is that the relative sign of the contribution from electric gluons is 
different. We get 



{Ai) AB = _ {AM) AB l + 3£ + 0{gA)) (34) 

Zp F 

(A 2 ) AB = +(M T A) AB ^^ + O(gA). (35) 

2p F 

Finally we determine the 0(M 2 ) shift in the particle gap. Again, we drop the MM^ terms 
in the anomalous quark propagator equ. ([24|). If we write the particle gap as A AB = 
A AB + A AB + ... where A AB is the gap in the limit M -> and A AB is the 0(M 2 ) shift we 
obtain 

a 2 r r ( ± + ±r I _ i T 

\AB _ I T\/fT a ]\/f\AB y / t, /if 2 ^ 2 X , 2 2 X 



(A 2 ) AB = — (M AM) S / dq / dx 2 i „ 9N + 2 (36) 

K J K J 12vr 2 (2p F ) 2 i ™J \l-x + G/(2p 2 F ) l-x + F/(2p 2 F ) V ; 

+ e \ am 



1 - x + g 7 W) / ^g 2 + A(g ) 2 
We note that again, the structure of the right hand side is the same as in the equation for 
the anti-particle gap. We find 



(A 2 ) AB = ~(M T ^M) AB ^y 2 + O(gA). (37) 

The gap equations for the anti-particle gaps are schematically shown in Fig. f|. We can now 
collect all 0(M 2 ) contributions to the vacuum energy density. Using (|T5D and including the 
0(M 2 ) shift in the gap we have 



+ 



^—Ti(m t AMA) 1 + (M <-> M f V 
Pf) 2 v j ) v 7 



(2pi 

Using the results obtained in this section, we can express the vacuum energy in terms of the 
particle gap only. We find 
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•J 

AS = - j£j= (1 + 30 {Tr(M T AMA) - 2Tr(M T AMA) + Tr (m t AMA) } = 0. (39) 

We observe that, to leading order in g, the net contribution to the vacuum energy from A, 
Ai ; 2 and A2 vanishes. Individually, all these terms are non-zero but they depend on the 
gauge parameter and therefore have no physical meaning. We also note that the leading 
order results for the anti-particle gap parameters only involve magnetic gluon exchanges. 
The cancellation that we obtained in this section is automatically taken into account in 
the effective theory of section [III] because of the relation (Q). Our results indicate that it 
is not necessary to explicitly include anti-particle gaps in the high density effective theory. 
There is no instability in the anti-gap channel, and therefore no reason to include anti-gaps 
as variational parameters. The loop diagrams which determine the anti-particle gaps are 
dominated by quasi-particles in the vicinity of the Fermi surface. This means that there is 
also no reason to include anti-gaps as effective operators governed by short distance effects 
in the microscopic theory. The anti-gap contribution to the vacuum energy is automatically 



included in the effective theory discussed in section III 



Indeed, at next-to-leading order in g there is a non- vanishing term in the vacuum energy 
which arises from the contribution of electric gluons to the anti-particle gaps. This can 
be seen from the fact that the electric gluon contribution appears with a different sign 



in eqns. ( |3T] , |3~6D as compared to equ. ([33]). This means that the cancellation observed in 
the magnetic sector does not occur in the electric sector. It is precisely this effect that 
we computed in section [TT1] using an effective four-fermion vertex. The fact that this is 
possible can be seen from the structure of the gap equations. To leading order in g, both 
the numerator and the denominator of the electric gluon contribution in eqns. ( |3~T] , |3"3l , |3T)D are 
proportional to (1 — x). As a result, the electric gluon contribution is effectively point-like. 



VI. CFL CHIRAL THEORY (CFLxTH) 



In this section we shall discuss how to match the vacuum energy calculated in the high 
density effective theory to the vacuum energy in the effective chiral theory for the Goldstone 
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modes in the color-flavor-locked phase. Since all the relevant steps have been discussed in 
the literature, we can be very brief in our presentation. The leading terms in the effective 
chiral Lagrangian take the form 



P 



VqEVoS 1 



A 



doVdoV* - vldiVdiV* 



(40) 



+ 



AiTr(MS t )Tr(ME t )y + A 2 Tr(M£ t M£ t )V + A 3 Tr(ME t )Tr(M t S) + h.c. 



Here S = exp(i<ft a \ a / f^) is the octet field, f n is the pion decay constant, and ^2.3 are the 
coefficients of the 0(M 2 ) mass terms. We have not displayed any field independent MM^ 
terms. The axial U(1)a field is V = exp(4z#) = exp(2i^ / /(v / 6/r ? '))- As explained in |L5| the 
chirality conserving two-fermion operators (|3|) act like an effective chemical potential. In 
the effective chiral theory they appear as gauge fields, 



VnS = «9n£ 



(M*M\ 



(41) 



\ 2p F J \ 2p F 

The coefficients v4i,2,3 have to be matched against the 0(M 2 ) result for the vacuum energy 
(|TJ). We find 

3A 2 



A 1 



At: 2 



A, = 0, 



(42) 



which agrees with the result of Son and Stephanov. We can now compute the masses 
of Goldstone bosons in the CFL phase. Bedaque and Schafer argued that the expansion 
parameter in the chiral expansion of the Goldstone boson masses is 5 = m 2 /(pi?A). The 
first term in this expansion comes from the 0(M 2 ) term in (|40"D, but the coefficients A 
contain the additional small parameter e = (A/pp). In a combined expansion in 5 and e the 
0(e8) mass term and the 0(5 2 ) chemical potential term appear at the same order. At this 
order, the masses of the flavored Goldstone bosons are 



m 7, — m: 



m K , 



2pi 



m; 



2 Pl 



mz 



mz 



m K°,R0 — =F" 



2p F 



+ 



+ 



+ 



AA. 

-pr{m u + m d )m t 

f4 



11/2 



AA 

J TT 



.1/2 



m d (m u + m s ) 



(43) 



AA . 

—m u (m d + m s 



1/2 
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The masses of neutral mesons are unaffected by the effective chemical potential term. The 
elements of the mass matrix are 

m\ x = jjt [m s (m u + m d ) + m u m d ] , ra? 3 = - (m u - m d )m s , 

= jrm s (m u + m d ), m\\ = 3 J^f iU [m s (m u + m d ) - 2m u m d ] , (44) 

m 88 = Jj| [m s (m u + m d ) + Am u m d ] , m^ 8 = -^p{m u - m d )m s . 

The flavor-octet and flavor-singlet decay constants f n and f v i can be matched against the 
zero-momentum axial-vector current correlation functions in the high density effective the- 



ory. To leading order in g |I5|,pl , |55 ,S7| 



2 21-81og(2) (y 2 F \ 2 3(p%\ 

f " = 18 {w)> f * = l{2^)- (45) 

We have identified the mass of a Goldstone mode with the energy of a p = excitation. We 
observe that the mass of the flavored Goldstone modes can become negative. Indeed, as ob- 
served in ||15|jl7| this is likely to be the case for physically relevant values of the quark masses 
and the baryon density. This instability corresponds to the onset of meson condensation 



TE , nj . In the meson condensed phase the groundstate is reorganized and the masses are 
determined by small fluctuations around the new groundstate. This problem was recently 
studied in fB8l|39|. 



VII. SUMMARY 

We have studied the effect of non-zero quark masses in effective theories of high density 
quark matter. We first studied the effective theory for quasi-particles in the vicinity of the 
Fermi surface. At leading order in 1/pf there is a chirality conserving two fermion operator 
which arises from the mass correction to the kinetic energy of a quark in the vicinity of the 
Fermi surface. At next-to-leading order we find a chirality violating four-fermion operator 
which originates from mass corrections to the quark-quark scattering amplitude. We have 
argued that this scattering amplitude can be matched against a local operator in the effective 
theory. 
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In the effective chiral theory for Goldstone modes in the CFL phase the chirality con- 
serving two-fermion operators correspond to an effective chemical potential. This effective 
chemical potential shifts the energy of flavored Goldstone modes. The chirality violating 
four-fermion operators correspond to meson mass terms. The coefficients of the meson mass 
terms are suppressed by A/ pp. We compute the Goldstone boson masses and find agreement 



with earlier results obtained by Son and Stephanov |L9[ and Bedaque and Schafer |15 



We also studied the contribution of the anti-particle gap to the masses of Goldstone 
bosons. We show that to leading order in the coupling constant g the contribution from the 
anti-particle gap cancels against contributions from a mixed particle-anti-particle gap and 
the 0(M 2 ) shift in the particle gap. Individually, all these terms are non-vanishing, but 
they depend on the choice of gauge and therefore have no physical meaning. 
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FIGURES 





FIG. 1. This figure shows the effective chirality violating four-fermion vertices. Fig. a) shows 
the RR — > LL vertex which is proportional to MM and Fig. b) shows the RL — > Li? vertex which 
is proportional to MM^. As explained in the text, there are also scattering amplitudes with two 
mass insertions on the same fermion line. These amplitudes are proportional to MM\ like the 
amplitudes in Fig. b, but they do not violate chirality, and they cannot be represented as local 
four-fermion operators. 
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FIG. 2. This figure shows the contribution to the vacuum energy which arises from the 
four-fermion vertices shown in Fig. |l|. Note that the second diagram does not contribute to the 
masses of Goldstone bosons. 

AAA 




FIG. 3. This figure shows the contribution to the vacuum energy which arises from anti-particle 
gap, the mixed particle-anti-particle gap, and the 0(M 2 ) shift shift in the particle gap. As explained 
in the text, the sum of all the diagrams shown in this figure vanishes to leading order in g. 
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M M 



FIG. 4. This figure shows the gap equations for the particle gap A, the anti-particle gap A, the 
mixed particle-anti-particle gap A, and the 0(M 2 ) shift in A. Solid lines denote tp + propagators 
and double lines denote ip- propagators. The filled circles labeled M denote mass insertions, and 
the filled triangle denotes a gluon self energy insertion. 
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